Detectors inherently capable of resolving photon numbers have undergone a significant development recently, and this is expected to affect multiplexed periodic single-photon sources where such detectors can find their applications. We analyze various spatially and time-multiplexed periodic single-photon source arrangements with photon-number-resolving detectors, partly to identify the cases when they outperform those with threshold detectors. We develop a full statistical description of these arrangements in order to optimize such systems with respect to maximal single-photon probability, taking into account all relevant loss mechanisms. The model is suitable for the description of all spatial and time multiplexing schemes. Our detailed analysis of symmetric spatial multiplexing identifies a particular range of loss parameters in which the use of the new type of detectors leads to an improvement. Photon number resolution opens an additional possibility for optimizing the system in that the heralding strategy can be defined in terms of actual detected photon numbers. Our results show that this kind of optimization opens an additional parameter range of improved efficiency. Moreover, this higher efficiency can be achieved by using less multiplexed units, i.e., smaller system size as compared to threshold-detector schemes. We also extend our investigation to certain time-multiplexed schemes of actual experimental relevance. We find that the highest single-photon probability is 0.907 that can be achieved by binary bulk time multiplexers using photon-number-resolving detectors.
I. INTRODUCTION
Construction of periodic single-photon sources (PSPS) is subject to intensive research due to the numerous applications of such devices in quantum information processing [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and photonic quantum technology [14] [15] [16] [17] [18] . The most promising realization of PSPS are the heralded single-photon sources (HSPS) based on heralding one member (termed as the signal) of a correlated photon pair generated in nonlinear optical media by detecting the other member (referred to as the idler) of the photon pair.
The most widely used processes applied for pair generation are spontaneous four-wave mixing (SFWM) in optical fibers [19] [20] [21] [22] and spontaneous parametric downconversion (SPDC) in bulk crystals [23] [24] [25] [26] [27] or waveguides [28] [29] [30] . The latter process can yield highly indistinguishable single photons in an almost ideal single mode with known polarization [23, 25, 29, 31] . However, the probabilistic nature of photon pair generation in nonlinear sources results in a limit of the achievable single-photon probability. For example, for weaker spectral filtering, the theoretically achievable maximal single-photon probability of HSPS is 0.367 which corresponds to the singlephoton probability of Poissonian statistics. For a sufficiently narrow filtering ensuring the photon indistinguishability, the photon statistics of the pairs is thermal * adam.peter@wigner.mta.hu resulting in a lower single-photon probability of 0.25. To overcome this issue and for enhancing the single-photon probability while simultaneously suppressing multiphoton noise in HSPS, various techniques of multiplexing, namely spatial multiplexing [32] [33] [34] [35] [36] [37] [38] and time multiplexing [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] were proposed in the literature.
The principle of multiplexing is to reroute heralded photons generated in a set of multiplexed units realized in time or in space to a single output mode by a switching network. The mean photon number of the generated photon pairs in a multiplexed unit should be kept low ensuring that the multi-photon events are negligible while the overall probability of successful heralding in all the multiplexed units should be high ensuring a high singlephoton probability.
In the case of spatial multiplexing several individual pulsed HSPS are used in parallel. After a successful heralding event in the idler arm of a source (i.e. in a multiplexed unit), the corresponding signal photon is directed by binary photon routers (2-to-1) to a single output. The system of routers can be either symmetric (logtree) or asymmetric (chain) [52, 53] . The periodicity of such PSPS stem from the period of the pulsed pump laser. Spatial multiplexing has been successfully demonstrated experimentally up to four multiplexed units by using SPDC in bulk crystals [34, 38] and waveguides [36] , and up to two multiplexed units by using SFWM in photonic crystal fibers [35, 37] .
The idea of time multiplexing is based on the detection of idler photons of a pulsed or continuous nonlinear pho-ton pair source in time slots within a time period. Hence, a multiplexed unit is a possible time slot in this case. In case of a successful detection event the heralded signal photons are delayed to leave the system at the end of the given time period resulting in a periodic single-photon source. Timing of the arrival of the output photons can be controlled by a switchable optical storage cavity or loop [39, 40, 45, 48] , or using a binary division strategy [41, 42, 50, 51] . Time-multiplexing based on a delay loop has been realized experimentally in a fiber-integrated system using SFWM up to four time slot [46, 47] . Optical storage cavities and SPDC sources were used in experiments realizing PSPS via large-scale time multiplexing up to 40 time slots [44, 49] . The highest single-photon probability that has been achieved in these latter experiments is 0.667, which is the highest one realized in multiplexed PSPS until now [49] . Moreover, the generated photons collected into a single-mode fiber were highly indistinguishable.
In principle, in an ideal lossless multiplexed system the single-photon probability asymptotically tends to one by increasing the number of multiplexed units and simultaneously decreasing the mean photon number of the incoming photon pairs. However, losses of non-ideal optical elements in the heralding stage as well as in the multiplexing system impose a limitation on the performance of multiplexed PSPS [52, 53] . Therefore a full statistical treatment taking into account all relevant loss mechanisms is required for the analysis of such systems. In Ref. [54] such a theoretical framework was presented for the description and optimization of spatially and timemultiplexed systems built up with threshold (or on-off) detectors.
The optimization revealed that for a given set of losses there is a number of multiplexed units and a mean photon number of photon pairs in each multiplexed unit for which the single-photon probability is maximal. The analysis also showed that the highest single-photon probability can be achieved by using bulk time multiplexers based on binary division strategy. Using experimentally realizable optical elements in this system the achievable single-photon probability is .85. In Ref. [55] the theoretical framework was extended to describe combined multiplexers that apply both time and spatial multiplexing in a single setup [56] [57] [58] . The optimization showed that the combination of the two types of multiplexing can lead to a decrease in the number of required nonlinear sources and a possible increase in the achievable repetition rate of the system as compared to the standalone use of the optimized spatial or time multiplexer, while maintaining the achieved single-photon probability.
Beside multiplexing, another way of avoiding the occurrence of multi-photon events at the heralding stage of these systems is the application of photon-numberresolving detection and considering the events of detecting exactly one photon. Accordingly, single-photon detectors with number resolving capability (SPDs) were generally used in recent multiplexed PSPS experiments [35, 37, 38, 44, 46, 47, 49] . A possible realization of SPDs is based on simultaneous use of threshold detectors with either a temporal or spatial multiplexing scheme [59] [60] [61] [62] [63] , which leads to a limited detection efficiency.
Meanwhile, developing high-efficiency photon-numberresolving detectors (PNRDs) is of great research interest due to their various applications in photonic quantum technologies. The best known realizations of such devices are transition edge sensors [64] [65] [66] , quantum dot optically gated field-effect transistors [67, 68] , superconducting nanowire detectors [69, 70] , and fast-gated avalanche photodiodes [71, 72] . Detector efficiencies as high as 98% [66] have already been reported with almost ideal photon-number discrimination at low photon numbers using transition edge sensors in the near-infrared regime.
The progress in the experimental realization of photon detection with photon-number-resolving capability naturally inspires the development of a theoretical framework for multiplexed PSPS equipped with PNRDs. As we saw before, in case of multiplexed PSPS employing threshold detectors, a proper theoretical framework leads to a detailed understanding as well as valuable information for the design of the system. Motivated by these, in the present paper we develop the full statistical description of such systems including all relevant loss mechanisms. We incorporate into the model the use of PNRDs with arbitrary detection strategy, that is, detecting an arbitrary set of predefined number of photons in the idler arm for which the generated signal photons are allowed to enter the multiplexer. This model allows for the maximization of single-photon probabilities of multiplexed PSPS under realistic experimental conditions via optimization in the number of multiplexed units and the mean photon number of photon pairs in each of them. We compare the achievable single-photon probabilities of spatially multiplexed systems equipped with PNRDs with the ones containing threshold detectors over a wide range of the parameters describing the various losses. This will make it possible to predict when the use of PNRDs really pays off. We accomplish this comparison for relevant time multiplexed systems for selected sets of experimentally feasible parameters. We do this with the aim of identifying the feasible arrangement which is likely to prove the most efficient.
The paper is organized as follows: in Sec. II we give a short overview of spatial and time multiplexing. In Sec. III we introduce the theoretical framework that can be used to carry out the optimization and analysis of multiplexed PSPS. In Sec. IV we present the results of the optimization for relevant spatially and time-multiplexed systems. Finally, we conclude in Sec. V.
II. SPATIAL AND TIME MULTIPLEXING
In this section we briefly review spatial and time multiplexed PSPS. The focus will be on those schemes which bear experimental relevance and our model is applied to Figure 1 . Schematics of spatially multiplexed PSPS with a symmetric (log-tree) spatial multiplexer. MUi denotes the ith multiplexed unit, the PRj s are binary (2-to-1) photon routers.
in the rest of this paper. Figure 1 shows a schematic depiction of a spatially multiplexed PSPS with a symmetric (log-tree) spatial multiplexer most frequently used in experiments [34, 36] . In the figure MU i denotes a multiplexed unit where a signal photon can enter the multiplexer given that its twin partner, that is, the idler photon of a photon pair coming from a pulsed nonlinear source is detected. In this case the spatial multiplexer built up with binary (2-to-1) photon routers (PR) in a log-tree arrangement where the N routers are arranged in m = log 2 N levels. After a successful heralding event in one of the multiplexed units, the switching network is actively controlled to route the heralded photon to the common output.
In this scheme it is generally assumed that photon routers are symmetric, that is, the router transmission V r does not depend on the input ports of the individual routers [34, 43, 52, 53] . The total probability of transmission V SSM n for the nth multiplexed unit for such symmetric spatial multiplexers (SSM) with symmetric routers reads
where N is the number of multiplexed units. V b is a general transmission coefficient independent of the number of multiplexed units, such as the collection efficiency at the heralding stage or the transmission of the possible pre-delay. Now let us turn our attention to time multiplexing. Figure 2 demonstrates its principle. The expected time period T of the periodic single-photon source is divided into N time slots of length ∆τ , which play the role of multiplexed units. In these multiplexed units the idler part of the photon pairs emitted by a pulsed or continuous nonlinear source are detected. After a successful heralding event in the nth time slot the heralded photon Figure 2 . Schematics of time multiplexed PSPS. MUi denotes the ith multiplexed unit, that is, a time slot in this case. The heralded signal photon emerging from one of the multiplexed units is delayed to leave the system at the end of the expected time period T = N ∆τ .
is delayed by the time (N − n)∆τ before it reaches the output of the PSPS.
One way to realize a controllable time delay is to use a switchable storage loop or storage cavity with a passage time ∆τ [39, 40, [43] [44] [45] [46] [47] [48] [49] . The heralded photons generated in the nth time slot will thus pass through the loop/cavity N −n times before they are released. Denoting the transmission coefficient of a single cycle of the storage loop by V c , the total transmission V LTM n corresponding to the nth time slot can be written as
(
Here the general transmission coefficient V b characterizes the losses in the system independent of the number of multiplexed time slots, such as, e.g., the collection efficiency or the loss during the switching into and out from the storage loop. We note that Eq. (2) also describes the total transmission probability of the asymmetric spatial multiplexer proposed in Ref. [52] : the role of the singlecycle transmission V c is played by the router transmission in that case. Another way of implementing a controllable time delay is to use a binary division strategy [41, 42, 50, 51] . In this case, the heralded photons are directed to switchable delay lines with different time lengths (∆τ , 2∆τ , 4∆τ . . . ) which are multiples of powers of 2. Signal photons heralded in the nth time slot travel only through those delay lines whose length corresponds to the nonzero digits in the binary representation of the time delay (N − n)∆τ . A possible realization of such a system in bulk optics was proposed in Ref. [54] . The delay lines of this scheme contain Pockels cells and polarizing beam splitters with reflection and transmission efficiency V re and V t , respectively (see Figs. 3 and 4 in Ref. [54] ). The total transmission probability V BTM n corresponding to the nth time slot for such a binary bulk time multiplexer reads
where h is the Hamming weight of N − n (the number of ones in its binary representation), and l = log 2 N . The transmission coefficient V b merges the effects independent of the nth time slot. The transmission coefficient V p characterizes the loss due to the propagation through the whole medium of the multiplexer, that is, the medium of the longest delay of the binary time multiplexer.
III. MATHEMATICAL FRAMEWORK
In this section we present the statistical framework suitable for describing all kinds of multiplexed PSPS equipped with PNRDs. Throughout our calculations we consider a PNRD that is capable of distinguishing the number of detected photons up to a given value J b .
Consider a spatially or time multiplexed PSPS having N multiplexed units, respectively. In the case of symmetric spatial multiplexing N is a power of 2. Assume that in the nth multiplexed unit l photon pairs are generated by a nonlinear source and the input ports of the multiplexer are opened in case of detecting a predefined number of photons j (j ≤ l) during a heralding event. The probability that i signal photons reach the output of the multiplexer in general reads
where P (D) (j) is the probability of detecting exactly j photons arm in a multiplexed unit, P (D) (j|l) is the conditional probability of detecting j photons given that l photons reach the detector, P (λ) (l) is the probability of generating l photon pairs, and V n (i|l) is the conditional probability that i photons reach the output of the multiplexer given that l signal photons arrive from the nth multiplexed unit into the system. The set S contains the predefined number of detected photons in a multiplexed unit for which the generated signal photons are allowed to enter the multiplexer. Hence, it describes the application of an optional heralding strategy that can be realized only by PNRDs. The set S can be any subset of the set of positive integers Z + up to J b . We note that for S = Z + we obtain the same formulas we had introduced in Ref. [54] for describing multiplexed systems with threshold detectors, as PNRDs can be also used as threshold detectors by ignoring the number of detected photons. The first term in Eq. (4) describes the case when none of the detectors have detected a photon number in S. This term contributes only to the probability P (S) 0 , that is, to the case where no photon reaches the output. The second term describes the case when, even though there are l photons entering the multiplexer from the nth multiplexed unit after heralding, only i of these reach the output due to the losses of the multiplexer.
In Eq. (4) the conditional probability P (D) (j|l) that a detector with efficiency V D detects j out of l photons (j ≤ l) in a multiplexed unit reads
The total probability P (D) (j) of detecting j photons out of the incoming ones can be written as
where P (λ) (l) is the probability that l photon pairs were generated by a nonlinear source. In our calculations we assume that the probability distribution of pair generation P (λ) (l) is Poissonian, that is,
where λ is the mean photon number of the generated photon pairs. We note that the validity of the calculation does not depend on the particular distribution. Hence, a thermal distribution can also be assumed here. The conditional probability V n (i|l) that i signal photons reach the output of the multiplexer given that l signal photons enter the multiplexer at the nth multiplexed unit can be calculated as
The subscript n is present for the possibility that the loss can depend on the actual multiplexed unit the photons have arrived at. When analyzing a particular setup, the corresponding V n has to be substituted here, for instance, the one in Eq. (1), Eq. (2), or Eq. (3) for the schemes studied in this paper. Finally, we note that for threshold detectors (S = Z + ) and SPDs (S = {1}), simple formulas can be derived from Eq. (4). For instance, assuming a Poissonian distribution, for the single-photon probabilities P (S) 1 we obtain
Using the formula in Eq. (4), the performance of an arbitrary multiplexed periodic single-photon source with arbitrary detector or arbitrary detection strategy with PNRDs can be analyzed in detail, including the optimization of the system to maximize the single-photon probabilities.
IV. OPTIMIZATION OF MULTIPLEXED PSPS
In this section we present our results on the optimization of various multiplexed PSPS equipped with PNRDs. The goal is to achieve a maximal single-photon probability. Naively one would expect that the use of more advanced detectors will result in an overall performance improvement to the system, as compared to using the simpler (i.e. threshold) detectors. Having a description of both cases at hand, we can compare the performance of this system to that of the ones operated with threshold detectors. This analysis will result in nontrivial consequences.
A. Symmetric spatial multiplexing with single-photon or threshold detectors
Let us first consider a PSPS based on symmetric spatial multiplexing and containing either single-photon or threshold detectors with detector efficiency V D in the idler arms of the nonlinear photon pair sources. (Recall that by single-photon detector we mean a detector capable of identifying exactly one photon, e.g. it can be a PNRD so that only the outcome corresponding to 1 photon is considered as a detection event.) Using the framework presented in the previous section the optimization of the system consists in the following. We fix the total transmission V SSM n of the system, that is, the transmission coefficients V r and V b , and the detector efficiency V D . Recall that the spatial multiplexer under consideration is built up from symmetric photon routers. Two parameters are left which can be considered as decision variables of the optimization procedure: the mean photon number λ of the photon pairs generated by the nonlinear sources and arriving at the detectors in the multiplexed units, and the number N of these units. First, we calculate the single-photon probabilities P 1 as a function of the input mean photon number λ for each reasonable value of the number N of multiplexed units. Some instances of these functions are plotted in Fig. 3 . Next, we determine the maximum values for each of these functions and select the optimal number N opt of multiplexed units for which the maximal single-photon probability P 1 is the highest. The input mean photon number corresponding to this maximal single-photon probability P 1,max is the optimal mean photon number λ opt .
In Table I we present a selection of results of the optimization for spatially multiplexed PSPS with SPDs for detector efficiencies 0.3 ≤ V D ≤ 0.98 and router trans-N=4 N=8 N=16 N=32 Figure 3 . The single-photon probability P1 plotted against the input mean photon number λ of a multiplexed unit for detector efficiency VD = 0.95 and router transmission Vr = 0.98 for various values of the number of multiplexed units N . The result of the optimization: maximal single-photon probability P1,max = 0.9, the optimal input mean photon number λopt = 0.45 and the optimal number of multiplexed unit Nopt = 16.
Here it is assumed that there are no generic losses (V b = 1). For comparison, the corresponding results on the system equipped with threshold detectors are presented in Table II . To visualize the results of our optimization, in Fig. 4 we have plotted the difference ∆ P = P SPD 1,max − P Th 1,max as a function of the detector efficiency V D and the router transmission V r over the range [0.3, 1] for both parameters. Here P SPD 1,max is the maximal single-photon probability that can be achieved with PSPS operated with SPDs, whereas P Th 1,max is the maximal achievable single-photon probability for PSPS with threshold detectors.
From the data in Tables I and II and in Fig. 4 one can conclude that at values V r > 0.81 of the router transmission, PSPS based on symmetric spatial multiplexing with SPDs outperform those with threshold detectors, for any detector efficiency under consideration. In this range a decrease in the detector efficiencies leads to a decrease in the difference in the single-photon probabilities hence at lower detector efficiencies the advantage of using SPDs decreases. For router transmissions 0.92 ≤ V r ≤ 0.99 and detector efficiencies 0.9 ≤ V D ≤ 0.98 the difference ∆ P is at least 0.02, while the highest value of the difference ∆ P is 0.089 that can be observed at detector efficiency V D = 0.98 and router transmission V r = 0.95. We note that at the present state of the art this router transmission is the highest one that seems to be feasible for the ultrafast photon router used in the experiment of Ref. [34] . In the domain of the parameters V D and V r bounded by dashed lines in Fig. 4 , around V r ≈ 0.8 , both the PSPS operated with threshold detectors and those with SPDs does not pay off. The physics behind this is that for lower values of the router transmission V r the incoming signal photons are lost in the multiplexer, therefore the optimal strategy is to allow more than one photon enter the multiplexer in the signal arms at the heralding event.
In this range the highest value of the absolute difference |∆ P | between the maximal single-photon probabilities is as high as 0.158, belonging to a detector efficiency of We note that for detector efficiencies V D → 1 and router transmissions 0.3 ≤ V r < 0.6127 the maximal single-photon probabilities P SPD 1,max for the systems with SPDs tend to exp(−1), that is, the maximum singlephoton probability of the Poisson distribution. In this case the optimal number of multiplexed units is N opt = 1 (see Table I ) so there is no multiplexing at all. Therefore the maximum single-photon probability is the one that can be achieved by a single heralded nonlinear source. For detector efficiencies V D < 1 the maximal singlephoton probabilities P SPD 1,max are smaller than this value in the considered range of router transmissions. Tables I and II one can also conclude that in the case of both detector types, at low detector efficiencies the optimal number of multiplexed units N opt is higher than in the case of high detector efficiency. In Fig. 5 we have plotted the difference ∆ m = m Th opt − m SPD opt between the optimal number of router levels for systems with SPDs and for the ones with threshold detectors. The figure shows that in most cases, the optimal number of router levels for SSM based PSPS built with SPDs is less than or equal to the one for the systems with threshold detectors except for a special small range of the loss parameters. Hence, the advantage of using the more advanced type of detectors can also appear when it is important to keep the number of units of the system as low as possible. Tables I and II used along with Fig. 5 can help with implementing this design consideration. between the optimal number of router levels using SPDs and using threshold detectors, in PSPS based on symmetric spatial multiplexing.
From the results in

B. Symmetric spatial multiplexing with optimized heralding strategy
In this subsection we consider the optimization of the heralding strategy incorporated into the model described in Sec. III. Let us assume that the PNRDs in the idler arms of the nonlinear sources allow the signal photons to enter the symmetric spatial multiplexer whenever the number of the detected photons is in a prescribed set, which we assume to consist of numbers from 1 to J ≤ J b : S = {1, 2, . . . , J}. (We shall see later that actually this is the most general form of sets worth considering.) J b is the maximal number of photons the PNRDs are capable of distinguishing. Thus the set S is the definition of the heralding strategy, which is uniquely determined by J in the current setting.
We can determine the optimal value of the maximum accepted photon number J opt by calculating the maximal single-photon probabilities P J 1,max for all the possible values of the maximum accepted photon numbers J and for detector efficiencies V D and router transmissions V r considered in the previous subsection. Figure 6 shows the optimal maximum accepted photon number J opt as a function of the detector efficiency V D and the router transmission V r . Decreasing the router transmission V r , that is, increasing the router losses in the multiplexer leads to an increase in the optimal maximum accepted photon number J opt : the optimal heralding strategy gradually shifts from single-photon detection toward threshold detection. Note, however, that the value of J opt also depends on the detector efficiency V D .
In Fig. 7 we present the difference ∆ Jopt P = P Jopt 1,max − max P Th 1,max , P SPD 1,max as a function of the detector efficiency V D and the router transmission V r over the range [0.3, 1] for both parameters. Here P SPD 1,max is the max- as a function of the router transmission Vr and detector efficiency VD, for comparison of the use of an optimal detection strategy in PSPS with symmetric spatial multiplexing, and the scenarios studied in Section IV A imal single-photon probability when the optimal detection strategy is used, whereas max P Th 1,max , P SPD 1,max is the best achievable single-photon probability in either setups (i.e. with threshold or single-photon detectors) studied in Section IV A.
The figure shows that the parameter domain where using an optimal heralding strategy leads to a relevant enhancement is limited to the router transmissions of 0.65 V r 0.85 and detector efficiencies of 0.7 V D . In this range the optimal heralding strategy consists in letting up to 2 photons enter the system, that is, the optimal maximum accepted photon number J opt is 2. Nevertheless, this parameter range still extends the domain where the use of PNRDs is a better option than that of threshold detectors. (This domain is the union of the domains in Figs. 4 and 7 where the use of PNRDs was found as better.)
Finally, we note that we have considered setups with detection strategies defined by more general sets S, e.g. by choosing the set of the accepted photon numbers as e.g. S = {2} or S = {2, 3}. With those choices we found significantly lower single-photon probabilities in the whole range of the parameters, even as compared to single-photon probabilities obtainable by using threshold detectors.
C. Time multiplexers with single-photon and threshold detectors
In this subsection we consider PSPS based on time multiplexing schemes described in Sec. II. Similarly to the case of spatial multiplexing, we compare schemes equipped with SPDs with those containing threshold detectors. We do this to get a clear picture of the possible benefits of using more advanced detectors. In this case, however, we restrict our analysis to a selected set of feasible loss parameter values of the optical elements, which are available by state-of-the-art technology.
First we optimize PSPS based on storage loop time multiplexing. In these systems the optimal operation strategy is to release the latest heralded photon which appeared in the time slot closest to the end of the time period of the periodic source. Hence, the loss due to the necessary time delay is minimized. In this case the total transmission probability for the nth multiplexed time slot introduced in Eq. (2) should be modified as follows
Recently, such a time multiplexed system was realized in Ref. [49] where a single-photon probability of 0.667 was reported by using 40 time slots. Motivated by this result, we perform the optimization for the loss parameters of this particular experimental arrangement. Accordingly, the transmission corresponding to one cycle in the cavity and the generic transmission coefficient corresponding to switching the heralded photons into the time multiplexer are chosen to be V c = 0.988 and V b = 0.88, respectively. We checked that for this set of parameter values singlephoton detection is the optimal detection strategy. Table III presents the results of the optimization for SPDs and threshold detectors for various values of the detector efficiency V D . For the described operation strategy (i.e. releasing the last heralded photon) the achievable single-photon probability P 1 increases and saturates with increasing the number of time slots N , therefore one cannot find a particular optimal value N opt for this quantity. Hence, we assumed N = 40 time slots, as it has been realized in the cited experiments. We also show results for N = 100 in order to demonstrate the saturation of the single-photon probability. From the results it is clear that single-photon sources equipped with SPDs outperform sources equipped with threshold detectors for the considered set of loss parameters. The enhancement in the single-photon probability is bigger at high detector efficiencies. We note that the data of Table III were obtained assuming a Poissonian distribution for the number of generated photon pairs in order to compare the results of the optimization with the those of other multiplexers presented previously. However, in case of strong spectral filtering at the heralding stage the number of generated photon pairs follows a thermal distribution, as it is the case described in Ref. [49] . Hence, we carried out the optimization of the same system, with the same loss parameters, for N = 40 and V D = 0.6, and under the assumption of thermal instead of Poissonian input distribution this time. This resulted in a single-photon probability P SPD 1,max = 0.713, which corresponds to the ones achieved in the reported experiments. In the cited experiment, however, the photon number resolving detection was realized with spatially multiplexed detectors. Considering the same arrangement with an inherent PNRD of efficiency as high as V D = 0.98 [66] and with N = 100 time slots offers a single-photon probability P SPD 1,max = 0.829. Finally, let us turn our attention to the analysis of PSPS based on binary bulk time multiplexing described in Sec. II. Table IV contains results of the optimization of such systems for state-of-the-art loss parameters, that are the transmission efficiency of V t = 0.97, the reflection efficiency of V re = 0.996, and the propagation transmission of V p = 0.95 [54] . Also in this case, we compare the use of PNRDs with that of threshold detectors.
Similarly to the previously analyzed system, we found that single-photon detection is the optimal detection strategy for this particular set of parameters. These results clearly show that such PSPS built with singlephoton detectors have higher achievable single-photon probabilities than the same constructions built with threshold detectors. As the detector efficiency increases, the difference between the single-photon probabilities achieved with threshold detectors and those achieved with single-photon detectors increases as well. In these systems the optimal number of multiplexed time slots N opt is significantly lower when PNRDs are applied. From Tables I-IV one can conclude that from amongst all multiplexed PSPS considered in this paper, in the case of experimentally feasible values of the loss parameters, the system with binary bulk time multiplexing and single-photon detectors offers the highest single-photon probability which is P SPD 1,max = 0.907.
V. CONCLUSIONS
We gave a full statistical description of spatial or time multiplexing based periodic single-photon sources realized with photon-number-resolving detectors. This model facilitates the optimization of the system by determining the optimal system size and input photon numbers in order to achieve a maximal single-photon probability at the output, given the losses of the system and the photon number distribution of the source to be heralded.
Our analysis of the symmetric spatial multiplexingbased schemes of this kind we have found that the use of the more advanced photon-number-resolving detectors do not necessarily lead to an improvement as compared to the use of threshold detectors; we have identified the range where an improvement has been achieved. We also found that this range can be further extended by introducing an appropriate heralding strategy defined in terms of detected photon numbers at the detectors.
The analysis of time multiplexed arrangement has been focused on particular value sets of the parameters which are either typical in current experimental realizations or would at least be feasible at the current state of art. In case of these systems we have found that photon number resolving detectors always offer an improvement. The optimal approach is actually the detection of exactly one photon. Modeling a particular recent experiment based on time-loop multiplexing, the results of our detailed analysis were inline with the experimentally observed ones, and we have assessed the potential further improvement via optimization. In an other case, that for binary bulk time multiplexing, we have found that if the application of an efficient inherently photon-numberresolving detector were feasible, the single-photon probability could reach a value as high as 0.907, the best that we have found amongst all the studied systems.
Our analysis leads to a detailed understanding of an important line of experimental arrangements: multiplexed periodic single photon sources, which are essential ingredients of many applications. Our quantitative analysis can serve as a guidance for the optimal design of these.
